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SPATIAL APPROACHES TO MOONS FROM RESONANCE RELATIVE TO INVARIANT MANIFOLDS
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In this study, the final approach to a moon or other body from resonance is explored and compared to the invariant
manifolds of unstable periodic orbits. It is shown that the stable manifolds of planar Lyapunov orbits can act as a guide
for the periods or resonances that are required for the final approach in both the planar and spatial problems. Previously
developed techniques for the planar problem are expanded for use with resonances and used for comparison with
trajectories approaching a moon from these resonances. A similar technique is then used for exploring the relationship
of invariant manifolds to approach trajectories in the spatial problem. It is shown that the invariant manifolds of
unstable periodic orbits provide insight into the trajectory design, and they can be used as a guide to the more direct
approach trajectories.

I. INTRODUCTION
Tying the last resonance in a tour to the final approach

of a moon is currently one of the more challenging as-
pects of tour design. Often one of the chief characteristics
of this final approach is that it is perturbed by multi-body
effects in a highly nonlinear dynamic environment. The
goal in the design of this final approach is not to simply
overcome these effects, but to take advantage of them to
reduce propellant requirements or to meet other mission
constraints.

Various studies of the overall tour have been under-
taken from a variety of different perspectives including
those based on patched-conic methods,1–3 optimization
techniques,4–7 and multi-body methods.8–28 In each of
these cases, the trajectories travel through multiple res-
onances, and it has been found that resonant orbits are
important for ballistic, impulsive, and low-thrust trajec-
tories.25–27,29 See Anderson30 for a more detailed discus-
sion of the current status of resonance in tour design.

The final approach problem has often been solved sep-
arately from the rest of the tour, and it has typically re-
quired a separate set of tools. One of the earlier studies of
the approach problem for mission design was done with
Finlayson’s PTool software.31 It was used to design the
final approach of the Europa Orbiter design developed
by Sweetser et al.32 and Johannesen and D’Amario33 in
1999. Grebow, Petropoulos and Finlayson34 further de-
veloped this technique to numerically search for trajec-
tories approaching Europa. Lo35 in 2001 and Grebow et
al.34 in 2011 noted that some desirable approach trajec-
tories appear to heuristically follow invariant manifolds.
Koon et al.36 examined approaches to libration orbits
via invariant manifolds near moons, and Topputo et al.37

used invariant manifolds to search for transfers between

planets. Lantoine also optimized trajectories that were
traveling to halo orbits.38 The general escape and capture
problem has been examined by Villac and Scheeres,39

Kirchbach et al.,40 and Anderson and Lo.41

The results from these analyses have indicated that
periodic orbits and their associated invariant manifolds
may provide a platform from which to gain further un-
derstanding of the approach problem. Indeed, Poincaré
indicated that periodic orbits are one of the keys to under-
standing the three-body problem,42 and it is through this
perspective that we intend to study the approach prob-
lem here. The planar approach problem was examined
within the planar circular restricted three-body problem
(CRTBP) in Anderson,30 which provided a number of in-
sights. It was shown that the invariant manifolds of planar
Lyapunov orbits can be used to connect to different reso-
nances as shown by the computation of multiple resonant
orbits, and the connections to these resonances were ex-
plored for different systems. In Anderson and Parker43

it was shown that the invariant manifolds of planar Lya-
punov orbits act as general boundaries between trajecto-
ries approaching the Moon and originating at the Earth or
Moon. In 2005, Anderson and Lo41 examined the peri-
ods of collision orbit trajectories integrated backward in
time from the secondary for short integration times, and
distinct regions with different periods were observed.

The techniques used in these previous works for the
planar problem are further developed here and applied
to new cases in the planar problem. They are then ex-
panded and used to analyze spatial approaches for trajec-
tories starting from the apoapse opposite the secondary
and including the very last portion of the approach. These
spatial approaches are particularly challenging because
the three-dimensional aspects of the problem present dif-
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ficulties for the tools used to analyze the planar approach
problem. Spatial approaches are also of particular im-
portance since a number of trajectory designs that in-
clude science requirements use orbits with higher inclina-
tions.15 Only the final approach is considered here, and it
is expected that it can be tied into the remainder of a tour
design using other techniques. All of the methods used
here are implemented in the three-body problem so that
three-body effects may be included in the design from the
initial portion of the design process. This method has the
added benefit in that it provides additional insight into
the dynamics and allows an analysis of the boundaries
and parameters of the problem that will be useful for tra-
jectory design.

II. MODELS
The two primary models used within this study are the

CRTBP and the ephemeris model. The CRTBP has been
shown to act as a good approximation for the ephemeris
model in that trajectories computed in the CRTBP may
typically be found in the ephemeris model. A number
of useful tools and symmetries that facilitate the compu-
tations also exist in this problem. Additional trajectories
may be found in the full ephemeris model, and this model
is used for several specific analyses.

II.I. Circular Restricted Three-Body Problem
The majority of the periodic orbits and trajectories

shown in this analysis are computed within the CRTBP
model.44 In the CRTBP, a larger body (the primary) and
a smaller body (the secondary) are assumed to rotate
in circular orbits about their center of mass. The mo-
tion of an infinitesimal mass is then modeled in this sys-
tem. The mass ratio of the two massive bodies, referred
to here collectively as the primaries, is defined to be
µ = m2/(m1 + m2) where m1 is the mass of the pri-
mary and m2 is the mass of the secondary. Mass ratios
for selected systems relevant to this study are given in
Table 1. The relevant quantities are then made dimen-

Table 1: Mass ratios for several selected CRTBP systems

System µ

Sun-Earth 0.0000030404234021
Sun-Jupiter 0.0009538811803631
Earth-Moon 0.0121505842705715
Jupiter-Europa 0.0000252664488504
Saturn-Titan 0.0002365805491104

sionless, and the equations of motion are formulated in
a rotating frame. The rotating frame is defined with the
x axis aligned along the two masses so that the primary
is located at x1 = −µ and the secondary is located at

x2 = 1 − µ. The dimensionless period of the system is
2π, while the mean motion of the bodies, the distance be-
tween the primaries, and the gravitational constant are all
one. The equations of motion in the rotating frame are
defined with these quantities by

ẍ − 2ẏ =
∂Ω

∂x
, ÿ + 2ẋ =

∂Ω

∂y
, z̈ =

∂Ω

∂z
(1)

where

Ω =
x2 + y2

2
+

(1 − µ)
r1

+
µ

r2
(2)

and

r1 =

√
(x − x1)2 + y2 + z2

r2 =

√
(x − x2)2 + y2 + z2.

(3)

An energy-like integral referred to as the Jacobi constant
is defined by

C = x2 + y2 +
2(1 − µ)

r1
+

2µ
r2
− ẋ2 − ẏ2 − ż2. (4)

For particular values of the Jacobi constant, regions
known as forbidden regions where a spacecraft cannot
travel are known to exist. Five equilibrium points (or
Lagrange points) are known to exist, and three collinear
equilibrium points are found on the x axis. L1 is located
between the primary and the secondary, and L2 is on the
far side of the secondary from the primary.

Various types of unstable periodic orbits are known
to exist around the libration points including the planar
Lyapunov orbits and three-dimensional halo orbits. Here
Lyapunov orbits are continued for each system from an
initial guess computed near the libration point of interest.
Halo orbits are computed initially using Richardson and
Cary’s algorithm,45 and then continued from that point
using a single-shooting algorithm.46

Unstable orbits possess stable and unstable manifolds
which provide pathways for spacecraft to travel to and
from these orbits. Heuristically, the stable manifolds con-
sist of those trajectories that approach the unstable orbit
as time goes toward infinity, and the unstable manifolds
are those trajectories that approach the orbit as time goes
toward negative infinity. More formal definitions of the
stable and unstable manifolds for a flow φt are

Stable Manifold W s(L): Set of points x such that
φt(x) approaches L as t → ∞.

Unstable Manifold Wu(L): Set of points x such that
φt(x) approaches L as t → −∞.

The stable and unstable manifolds are computed using
the stability characteristics of the monodromy matrix.
The offset used to compute the invariant manifolds in this
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analysis was 1× 10−6 dimensionless units. Refer to Wig-
gins47 for more specific information on invariant mani-
folds.

The existence of certain symmetries in the CRTBP
provide wider applications of the results from this study.
In particular, it is known that if (x, y, z, ẋ, ẏ, ż, t) is a so-
lution in the CRTBP, then (x,−y, z,−ẋ, ẏ,−ż,−t) is also a
solution.48,49 So if a trajectory is reflected about the xz
plane, a valid trajectory may be found by traveling along
the reflected trajectory in reverse. In other words, if an
approach trajectory to a moon is computed, the departure
trajectory may be found without computing a new tra-
jectory by using this symmetry property. Although this
symmetry only exists precisely in the CRTBP, it has gen-
erally been found to exist approximately in the ephemeris
problem as well. See Szebehely for a more detailed de-
scription of this symmetry.

III. POINCARÉ SECTIONS
Poincaré maps have been found to be a useful tool to

observe the structure of the flow and observe the relation-
ship of the invariant manifolds of periodic orbits to one
another. Anderson and Lo26 contains a more detailed ex-
planation of the techniques used here, while Parker and
Chua,50 and Wiggins47 give more general explanations.
To compute a Poincaré section, a hypersurface Σ, or sur-
face of section in Rn−1, is placed transverse to a flow in
Rn. The mapping is from consecutive intersections of the
trajectory with Σ. The surface of section used here in the
planar problem is the y = 0 line where x < −µ. In the
spatial problem, y = 0 gives the xz plane. A one-sided
Poincaré section with ẏ > 0 is used here with constant C.
For the planar case the state may be fully computed from
the Poincaré section if it is plotted using x and ẋ. In this
case, x, ẋ, y, and C are known, and

ẏ = ±

√
x2 + y2 +

2(1 − µ)
r1

+
2µ
r2
− ẋ2 −C. (5)

The integrators used to compute the Poincaré sections
and the other trajectories in this study include a Runge-
Kutta Fehlberg seventh-order integrator51 with step-size
control and the DIVA propagator.52

III.I. Ephemeris Model
The full ephemeris model was used briefly for some

analyses to include multi-body effects and more closely
approximate real-world trajectories. In particular, the
JPL DE421 Planetary and Lunar Ephemerides were used
for this study. Details on this model may be found by
referring to Folkner.53

III.II. Resonance
One of the primary questions that is typically of in-

terest in tour design is related to finding the last reso-
nance that must be achieved before the final approach. In

the two-body problem, the periods of the spacecraft and
the secondary may be precisely related. In this case, the
spacecraft may be defined to travel around the primary p
times for every q times the secondary travels around the
primary where p, q ∈ N. The resonant integers, mean
motions (n), and periods (T ) may be related as

p
q

=
np

nq
=

Tq

Tp
. (6)

In this paper, the form p:q is used for the resonances.
In the three-body problem, the periods at particular

resonances are no longer precisely related by integers,
and the definition given by Murray and Dermott for mean
motion resonance may be used:

pnp ≈ qnq. (7)

See Murray and Dermott,54 Szebehely44, and Barrabés
and Gómez55,56 for more detailed explanations related to
the theory of resonance.

In mission design, an approximation of the resonance
is often computed using the two-body period of the state
far from the secondary. In this study, the state is often
taken at Σ on the far side of the primary from the sec-
ondary. The specific energy (E) and the semimajor axis
(a) may be computed in dimensionless units as

E =
vi

2

2
−

1
r

(8)

and
a = −

1
2E

(9)

where r = |r| and vi = |vi|. Here, the i subscript indicates
an inertial quantity. The dimensionless period of the orbit
is then

P = 2π

√
a3

1
(10)

Normalizing by the period of the secondary around the
primary, or the period of the system, gives an indication
of the resonance as it is typically computed for mission
design (calculated far from the secondary) as

P
Psec

=
P
2π
. (11)

IV. RESONANCES OF PLANAR LYAPUNOV
ORBIT STABLE MANIFOLDS

In Anderson30 Lyapunov orbits were computed for
various systems over different Jacobi constants to deter-
mine the resonances that were connected to the stable
manifolds of the Lyapunov orbit at the intersection with
Σ. The fact that the Lyapunov orbit acts as a gateway to
the secondary57 and the trajectories approaching the sec-
ondary were contained within the Lyapunov orbit stable
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manifold (Ws
lyap) in the Poincaré section made the analy-

sis of the possible resonances easier. One method to com-
pare the results from the planar analysis to this spatial
analysis is to compute the two-body periods of the sta-
ble manifolds of Lyapunov and halo orbits for each case
far from the secondary at Σ. The two-body period at this
point has been shown to be related to the resonance in the
past.26 The periods of the trajectories may then be com-
pared to obtain a relative understanding of the resonances
that may be reached. Keep in mind that the computation
of specific resonant orbits in the three-body problem is
needed to determine the true resonance and more com-
pletely understand how to tie the trajectory in to the fi-
nal approach. This method allows the computation of an
approximate relative resonance and provides a clear dis-
tinction between interior and exterior resonances.

The approach to Europa via L2 libration orbits in the
Jupiter-Europa system is examined in detail here first,
and then some analyses of the Sun-Jupiter system will
be added. For this system, the family of Lyapunov or-
bits at L2 may be computed over a range of Jacobi con-
stants as shown in Figure 1. The family is shown here
down to the Jacobi constant where the Lyapunov orbit
just grazes the surface of Europa at Cgraze ≈ 2.9997485.
The stable manifold trajectories of a Lyapunov orbit may
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Fig. 1: Jupiter-Europa L2 Lyapunov orbit family in the
Jupiter-Europa rotating frame shown down to the orbit
that grazes the surface of Europa.

be computed for a particular energy, and the intersections
of these trajectories with Σ may then be determined. A
plot in configuration space of the stable manifold trajec-
tories of a Lyapunov orbit with C = 3.001 integrated out
to Σ is shown in Figure 2. A Poincaré section may then
be computed using the intersections of the L2 Ws

lyap at
Σ in x and ẋ coordinates. The usual Poincaré section
for C = 3.001 is shown in Figure 3. If the normalized
two-body period is computed at Σ as described earlier, a
further understanding of the relationship between the in-
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Fig. 2: Ws of a Jupiter-Europa L2 Lyapunov orbit at
C = 3.001 in the Jupiter-Europa rotating frame inte-
grated out to the intersection with Σ.

Fig. 3: Intersections of the planar L2 Ws
lyap with Σ for C

= 3.001.

tersections at Σ and the approximate resonance may be
obtained. The plot in Figure 4 shows that the outer bands
tend to have greater periods indicating that they are at a
more distant resonance from Europa’s orbit. This agrees
with the results in Anderson30 where particular resonant
orbits at different resonances and their intersections were
compared to the Lyapunov orbit stable manifolds.

One way to obtain a general understanding of the res-
onances that may be tied into the Lyapunov orbit is to
examine the two-body period for all of the L2 Ws

lyap in-
tersections at Σ and search for the largest possible period.
This process may be repeated for a range of different Lya-
punov orbits over changing Jacobi constants to see the
values that may be achieved. The maximum normalized
periods reached by the trajectories on the stable manifold
at Σ for a range of Jacobi constants in the Jupiter-Europa
system are given in Figure 5. It can be seen from this
plot that the periods are larger for lower Jacobi constants
(higher energy) and decrease as the Lyapunov orbit size
decreases. The values stay near the 5:6 resonance that
was shown in Anderson and Lo26 and Anderson30 to be
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Fig. 4: Normalized periods for the planar L2 Ws
lyap com-

puted at their intersections with Σ for C = 3.001.

3 3.0005 3.001 3.0015 3.002 3.0025 3.003 3.0035
1.16

1.18

1.2

1.22

1.24

1.26

1.28

C

P
/
P

e
u
r

Fig. 5: Maximum normalized periods for the planar L2
Ws

lyap trajectories computed at their intersections with Σ

for various Jacobi constants.

necessary in the resonant sequence for the final approach
at the energies of interest.

V. COMPARISON OF HALO AND LYAPUNOV
ORBIT STABLE MANIFOLDS AT Σ

One starting place to examine the spatial version of
the problem is to examine the L2 halo orbits and their in-
variant manifolds. The halo orbit family for a range of
Jacobi constants is shown in Figure 6. It is immediately
apparent that the halo orbits are generally smaller in size
than the Lyapunov orbits, but they have the potential to
provide the three-dimensional approach desired for many
mission scenarios. A process similar to that used with the
planar Lyapunov orbits may now be used with the halo
orbits to compute intersections with Σ where Σ is now the
xz plane. The computed periods give additional insight
into the resonances reached by the spacecraft since the
Poincaré sections no longer represent the complete state
of the trajectory. The trajectories are still relatively near
the plane, and the normalized periods at these intersec-
tions may be computed for comparison with the periods
achieved in the planar case. This process was completed
for a range of Jacobi constants from 3.001 to 3.003, and
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(c) xz view

Fig. 6: Several views of the L2 halo orbit family in the
rotating frame of the Jupiter-Europa system.

the resulting normalized periods ranged from approxi-
mately 1.201 to 1.207 at the higher Jacobi contants. So
the spatial halo orbits cover a smaller range of periods for
similar Jacobi constants than the Lyapunov orbits. This
result can be examined in more detail by comparing the
Poincaré sections of the different cases. For the spatial
problem, the complete state may no longer be obtained
from the Poincaré sections. However, the plots can pro-
vide some insight into this result.

The Poincaré sections for two additional Jacobi con-
stants are shown for comparison in Figure 7 for the planar
problem. In these cases, as the arms of the stable mani-
folds of the Lyapunov orbit reach further to the left, the
maximum period obtained increases, and the character-
istics of the bands changes significantly with the Jacobi
constant.

If the halo orbit Ws is integrated out to Σ as shown in
Figure 8, the evolution of the halo orbit can be seen with
Jacobi constant. These trajectories are three-dimensional
but still relatively close to the plane. It can be seen that
although the characteristics of the stable manifolds are
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(a) C = 3.002, Max. P/Psec ≈ 1.244

1.25 1.2 1.15 1.1 1.05 1

0.1

0.05

0

0.05

0.1

0.15

x

ẋ

(b) C = 3.003, Max. P/Psec ≈ 1.218

Fig. 7: Poincaré section containing intersections of the
L2 Ws

lyap at Σ in the Jupiter-Europa planar problem.

changing, the location of the intersections with Σ are sim-
ilar for the different Jacobi constants. Examining the halo
orbit Poincaré sections in Figure 9 confirms that the left-
most band in each figure does not vary significantly with
the Jacobi constant, while the inner bands change more
noticeably. Again, the complete state is not represented
in these plots for the spatial problem, but the results line
up with the observed change in the periods with Jacobi
constant.

VI. PLANAR COMPARISON OF RESONANCE
AND INVARIANT MANIFOLDS

While the location of the manifold intersections in Σ

is useful to help understand the resonances that may be
achieved, another technique examining trajectories at the
surface integrated backward in time has been found to be
helpful. An initial analysis of this problem was under-
taken using the concept of collision orbits in Anderson
and Lo.41 Here collision orbits intersecting the surface of
Europa were integrated backward in time, and the nor-
malized period was computed at this later time. The ori-
gins of the trajectories were then categorized in a broad
sense. A similar idea was used to summarize the origin
of various trajectories in Von Kirchbach et al. 40 and An-
derson and Parker43,58 as compared to the invariant man-
ifolds of libration orbits. In this study, rather than inte-
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(a) C = 3.001
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(b) C = 3.003

Fig. 8: Halo orbit L2 Ws stable manifold trajectories pro-
jected into the xy plane.

grating backward to one of the primaries, the trajectories
are integrated to Σ, and the normalized period of the tra-
jectories is examined within the context of the invariant
manifolds of libration orbits. This process is most clearly
and generally done within the planar problem where a
two-dimensional plot may be used to capture the relevant
information, so the process is illustrated here for selected
cases in the planar problem. In each case, the trajectories
are represented by a plot over the surface, and the state of
the trajectory is parameterized for a given C using α and
θ as shown in Figure 10. A similar technique will then be
used within the spatial problem to compare the general
approach trajectories to the invariant manifolds of halo
orbits.

It is interesting to examine a case a little less than
the point at which the forbidden regions cut off trans-
port between Europa and the interior and exterior regions.
The unstable manifolds of the L1 and L2 Lyapunov or-
bits computed for a Jacobi constant of C = 3.0035 are
shown in Figure 11(a). Any intersections with Europa are
searched for over a period of 10 dimensionless time units,
and all of the unstable manifold trajectories that intersect
Europa over this time period are plotted in the figure. It
can be seen from this plot that there is an initial set of
direct intersections of the unstable manifold trajectories
and a subsequent set of intersections after the trajectories
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(b) C = 3.002, Max. P/Psec ≈ 1.207
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(c) C = 3.003, Max. P/Psec ≈ 1.207

Fig. 9: Poincaré section containing intersections of the
L2 halo orbit Ws at Σ in the Jupiter-Europa system. Re-
member that for this spatial case, the complete state can
not be obtained from the plot.

travel through another apoapse relative to Europa. The
plots will of course vary depending on the duration of
the integration of the invariant manifolds. The duration
times chosen for trajectory integrations in this paper have
been chosen heuristically to most clearly show the struc-
tures of interest. The time of flight values typical for the
final approach have also been considered. If the inter-
sections with the surface are plotted as shown in Figure
11(b), it is found that the unstable manifolds intersect the
surface along particular curves. The invariant manifolds
bound distinct regions in this case, and these regions can
be examined in more detail by looking at the set of trajec-

Fig. 10: Angles used to describe the state of a trajectory
as it intersects the surface of the secondary. α spec-
ifies the location of the intersection on the surface of
the secondary, and θ indicates the angle of the velocity
relative to the surface.

tories leaving the surface and comparing them to the in-
variant manifolds. To make this comparison, trajectories
encountering the surface at each point were integrated
backward in time for all values of θ. As this portion of the
study is geared more to looking at an approach from an
exterior resonance, the maximum resonance obtained for
all trajectories intersecting Σ was then computed for each
point on the surface. The results are plotted in Figure
11(c) for comparison with the unstable manifold inter-
sections of the L1 and L2 Lyapunov orbits. It is immedi-
ately apparent that the unstable manifolds bound the type
of motion or origins of the trajectories traveling toward
the surface of Europa. Those trajectories enclosed within
the unstable manifold intersections of the L1 orbit travel
backward in time toward the interior region, and those
enclosed within the L2 intersections travel toward the ex-
terior region. The maximum period obtained in this case
is approximately the same upper period as that obtained
by the stable manifold of the L2 Lyapunov orbit at this
same energy in Figure 5. This result indicates that the
invariant manifolds can be used to find the bounds of the
possible approximate resonances of trajectories traveling
toward the surface as a function of the Jacobi constant.
These results also show how the trajectories pass through
the L1 and L2 gateways described by Conley.57 The plot
in Figure 11(c) provides a visual method of determining
the states on the surface of the secondary that may be
reached from various resonances or periods obtained just
prior to the final approach.

The same procedure may now be repeated for various
Jacobi constants to determine the possible approaches via
invariant manifolds of the trajectories approaching Eu-
ropa along the invariant manifolds. Plots of the invariant
manifolds compared to the other approach trajectories for
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(a) Jupiter-Europa L1 and L2 Lyapunov orbit un-
stable manifold trajectories that intersect the sur-
face of Europa.

(b) Intersections of the L1 and L2 Lyapunov orbit unsta-
ble manifold trajectories with Europa

(c) Normalized Periods at Σ

Fig. 11: Comparison of Jupiter-Europa L1 and L2 Wu
lyap

trajectories to general approach trajectories at C =

3.0035.

a lower Jacobi constant of C = 3.003 are shown in Figure
12. In these plots, it can be seen that the Lyapunov or-
bits have increased in size, and the intersections with the
surface of Europa have grown to enclose a larger area.
The intersections of the trajectories computed for vary-
ing α and θ show the same relationship to the invariant
manifolds as seen for C = 3.0035. The relationship be-
tween the invariant manifolds and the approach trajecto-
ries may be more easily seen by examining the enlarged
views of the intersections in Figure 13. Here, the narrow
band of trajectories originating in the exterior region is
clearly enclosed in the L2 Wu

lyap intersections, while the
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0.015
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0
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(a) Jupiter-Europa L1 and L2 Lyapunov orbit
unstable manifold trajectories that intersect the
surface of Europa.

(b) Intersections of the L1 and L2 Lyapunov orbit unsta-
ble manifold trajectories with Europa

(c) Normalized Periods at Σ

Fig. 12: Comparison of Jupiter-Europa L1 and L2 Wu
lyap

trajectories to general approach trajectories at C =

3.003.

larger set of trajectories traveling to the interior region is
bounded by the L1 Wu

lyap intersections. The situation is
reversed for the other band of exterior/interior origin tra-
jectories. As C decreases further to C = 3.001 as shown
in Figure 14, the invariant manifold intersections form
bands across the plot. As would be expected for a lower
C (higher energy), more options exist for approaching the
surface, and the maximum periods of the trajectories ap-
proaching the surface match the values anticipated from
the Lyapunov orbit bounds computed earlier.

The same procedure may also be repeated for different
systems to determine how the approach scenario might
vary for these systems. The output for the Sun-Jupiter
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(a) Intersections of the L1 and L2 Lyapunov orbit unsta-
ble manifold trajectories with Europa

(b) Normalized Periods at Σ

Fig. 13: Closer view of comparison in Figure 12

system for C = 3.035 is shown in Figure 15. In this sys-
tem, the Lyapunov orbits are relatively large compared
to the secondary than in the Jupiter-Europa system. A
greater variety of bands of trajectory types is observed
in Figure 15(c) when compared to similar plots in the
Jupiter-Europa system, but the overal characteristics are
the same. Additional sets of intersections of the Wu

lyap
with the surface can be observed for this integration time
period when the invariant manifolds in 15(b) are exam-
ined. In each case, the same type of bounding behavior
of the trajectories is observed.

VII. SPATIAL APPROACHES COMPARED TO
THE INVARIANT MANIFOLDS AT Σ

For spatial approaches, the basic question is how are
approaches intersecting the surface at all angles related
to the invariant manifolds of libration orbits? One way
to obtain a general understanding of this relationship is
to compare the intersections of the general approach tra-
jectories and the invariant manifolds of libration orbits at
Σ to search for any significant differences. A plot of the
invariant manifold intersections in Figure 16(a) for a Ja-
cobi constant of C = 3.001 may be compared to the inter-
secting trajectories in Figure 16(b). Here, the trajectories
shown in Figure 16(b) are generated at a single point with
varying azimuth and elevation angles to allow the struc-
ture to be shown. It can be seen from these plots that the
combined invariant manifolds of the Lyapunov and halo
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0.04

0.03

0.02

0.01

0

0.01

0.02

0.03

0.04

x

y

!"#
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(a) Jupiter-Europa L1 and L2 Lyapunov orbit un-
stable manifold trajectories that intersect the sur-
face of Europa

(b) Intersections of the L1 and L2 Lyapunov orbit unsta-
ble manifold trajectories with Europa

(c) Normalized Periods at Σ

Fig. 14: Comparison of Jupiter-Europa L1 and L2 Wu
lyap

trajectories to general approach trajectories at C =

3.001.

orbits at this energy provide a good approximation of the
intersections that will be obtained by the trajectories en-
countering Europa, especially in the outer loop. The strict
boundary seen in the planar problem with Lyapunov or-
bits30 no longer exists because three-dimensional trajec-
tories are now included. Many of the trajectories line
up with the Lyapunov orbit stable manifolds, with some
of them falling outside the invariant manifold boundary
just as the halo orbit invariant manifolds do. A sample
of results from the ephemeris problem corresponding to
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(b) Intersections of the L1 and L2 Lyapunov orbit unsta-
ble manifold trajectories with Jupiter

(c) Normalized Periods at Σ

Fig. 15: Comparison of Sun-Jupiter L1 and L2 Wu
lyap tra-

jectories to general approach trajectories at C = 3.035.

the CRTBP results in Figure 16(b) are shown in Figure
16(c). To save space here this information will be ana-
lyzed in more detail in a future paper, but the ephemeris
results generally match those in the CRTBP with some
variations similar to those shown here that also depend
on the epoch of integration. This technique provides an
overview of the types of resonances that are possible, but
it is useful to turn to other techniques for more specific
information.
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(a) L2 Lyapunov and halo orbit stable manifold intersec-
tions

(b) Intersection of points integrated from (α, β) = (0◦, 0◦)
with Σ in the CRTBP

(c) Intersection of points integrated from (α, β) = (0◦, 0◦)
with Σ in the ephemeris model

Fig. 16: General comparison of points integrated from
the surface of Europa to the stable manifold intersec-
tions of libration orbits at Σ.

VIII. RESONANCE AT THE SURFACE

A general overview of the types of periods or reso-
nances that may be achieved in the spatial problem may
be obtained by computing the periods at Σ of trajectories
encountering different points on the secondary’s surface
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approaching from various azimuth and elevation angles.
This computation was performed over the surface of Eu-
ropa for various Jacobi constant values, and the maxi-
mum periods that were achieved are plotted in Figure 17.
In this plot, α is the same as described in Figure 10 and β
is measured like latitude above the xy plane of the rotat-
ing frame. Points were plotted using 1 degree increments
in α and β. Azimuth is defined with North at 0◦ and el-
evation is measured positive above the surface. Azimuth
was varied in increments of 10 degrees, while the eleva-
tion was varied in 3 degree increments. An integration
time interval of 45 dimensionless units was chosen based
on past experience. The maximum periods obtained for

(a) C = 3.003, Max. P/Psec ≈ 1.218

(b) C = 3.001, Max. P/Psec ≈ 1.257

(c) C = Cgraze ≈ 2.9997485, Max. P/Psec ≈ 1.267

Fig. 17: Maximum resonance obtained for all trajectories
computed at different azimuth and elevation angles at
each point on the surface. (Jupiter-Europa system)

Fig. 18: Maximum resonance obtained for all trajectories
computed at different azimuth and elevation angles at
each point on the surface. C = 3.03, Max. P/Psec ≈

2.21, Sun-Jupiter system.

each Jacobi constant line up well with the maximum pe-
riods obtained using the Lyapunov orbit stable manifolds
indicating again that the Lyapunov orbit stable manifolds
serve as an excellent guide for the general types of res-
onances that are possible for each Jacobi constant. For

C = 3.003, it can be seen that the periods are generally
smaller, and some of the points at the higher latitudes do
not reach exterior resonances for this integration time pe-
riod. A sample of results from the Sun-Jupiter system are
given in Figure 18. Similar overall trends are observed
for this system although the differences in each region
are generally more distinct.

IX. FINAL SPATIAL APPROACH COMPARED
TO INVARIANT MANIFOLDS

It is clear that the periods obtained by trajectories ap-
proaching the surface are related to the invariant mani-
folds of libration point orbits in a general sense of the pe-
riods that are obtainable, and the invariant manifolds of
the Lyapunov orbits in the planar problem provide a clear
division in the origins of various trajectories. Now the re-
lationship between the final segment of the approach and
the invariant manifolds of halo orbits in the spatial prob-
lem will be analyzed. This relationship may first be ex-
amined by simply plotting the usual unstable manifolds
of a halo orbit and computing their intersections with the
secondary. A set of trajectories on the unstable manifold
of an L2 halo orbit are computed for the Jupiter-Europa
system at C = 3.003, and the trajectories that impact the
surface of Europa are shown in Figures 19 and 20. Here,
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Fig. 19: L2 halo orbit Wu with its intersections at Europa
for C = 3.003.

the length of time of the integration becomes a factor in
the trajectories that are shown. As we are interested only
in those trajectories with the most direct approach, the in-
tegration time was limited to less than 4π dimensionless
time units. It is apparent from the plot that for this Ja-
cobi constant and integration time, there are two distinct
sets of intersections. The first set of intersections occurs
more directly, and a second set swings past Europa and
intersects after traveling through another apoapse. The
color in the intersection points plotted in Figure 21 corre-
sponds to integration time with lighter colors indicating
a later time. It can be seen that the majority of the inter-
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Fig. 21: Intersections of the halo orbit Wu in Figure 19
plotted on the surface of Europa where the lighter
points intersect Europa at later times.

sections at this Jacobi constant occur in the large curve
around the 0◦ β line.

Although the location of the invariant manifold inter-
sections are useful, the orientation of the approach is of-
ten needed for mission design constraints. This informa-
tion is plotted in Figure 22 where the locations are in-
dicated by the symbols, and the orientation of the inter-
section with the surface is given by a combination of the
orientation of the line attached to the symbol (azimuth)
and the color of the line (elevation). A sample of the
results for several different Jacobi constants are shown in
the figure to provide an idea of how the intersections vary
over energy. Similar results exist for other systems, and
they will be given in a future paper where the full results
can be presented.

While the plot in Figure 22 provides useful informa-
tion, understanding how the more direct trajectories ap-
proach the secondary and how they are related to these
invariant manifolds is key to the mission design problem.
Insight into this question may be gained by examining
the approach of trajectories to the surface at particular in-
tersections of the unstable manifold trajectories with the
surface of Europa. This comparison is performed by se-
lecting a particular intersection of the L2 halo orbit Wu

with the surface and then integrating a set of trajectories
backward in time using different azimuth and elevation
angles. The trajectories are integrated for 45 dimension-
less time units, and the periods of any trajectories that
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Fig. 22: Intersections of halo orbit Wu including the ori-
entation of the encounter for selected Jacobi constants.
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Fig. 23: Comparisons of two halo orbit Wu trajectory in-
tersections with other trajectories approaching the sur-
face at C = 3.003

intersect Σ within this time interval are computed and
plotted as shown in Figure 23. Here, the normalized pe-
riods of each trajectory integrated backward in time are
plotted for each combination of azimuth and elevation,
and the intersection of the unstable manifold is indicated
by a white point. A close relationship is seen between
the invariant manifolds and the trajectories in that the un-
stable manifold intersection in Figure 23(a) lies on the
boundary between those trajectories traveling to exterior
and interior resonances. Also, for this energy, the major-
ity of azimuth and elevation angles do not reach Σ, but
the relatively small area of trajectories that do are all near
the invariant manifold intersection. This result provides a
potential pathway for further understanding the possible
approaches at a particular location and deserves further
exploration. A general relationship between trajectories
traveling to the Earth and Moon and invariant manifolds
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Fig. 24: Comparison of the Wu trajectory corresponding
to the intersection in Figure 23(a) to nearby trajectories
originating in the inner and outer regions. The spatial
trajectories have been projected into the xy plane.

in the Earth-Moon system was observed in Anderson and
Parker,43 but these results clearly show a relationship be-
tween the invariant manifolds and the dividing line be-
tween the trajectories traveling to the exterior or interior
regions. A closer view of the results from another inter-
section of the unstable manifold is shown in Figure 23(b),
and the intersection again lies on a boundary. If the un-
stable manifold intersection and nearby trajectories going
to the interior and exterior regions are plotted as shown in
Figure 24, the behavior of the trajectories near this region
may be more clearly observed. The unstable manifold
acts as a divider between the behavior of the trajectories.
One trajectory follows the invariant manifold trajectory
and travels backward in time through the gateway to the
exterior region. The other trajectory falls back from the
L2 gateway and travels to the interior region. The trajec-
tory that follows the unstable manifold in from the exte-
rior region but avoids winding onto the halo orbit would
potentially be useful for mission design scenarios. The
plot confirms that there are trajectories near the invariant

manifolds that possess similar characteristics that could
avoid asympototic approaches and reduce transfer time
requirements.

X. CONCLUSION
A variety of techniques were developed to compare

spatial approaches to moons with the invariant mani-
folds of Lyapunov and halo orbits, and they were ap-
plied to cases in the Jupiter-Europa and Sun-Jupiter sys-
tems. The possible two-body periods or approximate res-
onances reachable by the stable manifolds of the L2 Lya-
punov orbits just prior to the final approach were found
to provide an upper bound on the approximate resonances
for spatial trajectories before they approached the moon.
This was verified for the Jupiter-Europa system over Ja-
cobi constants ranging from 3.001 to 3.003. It was shown
that the invariant manifolds of the Lyapunov orbits in the
planar problem provide a clear boundary between trajec-
tories approaching the surface of the moon from exterior
and interior resonances. Spatial halo orbit invariant mani-
fold intersections were also found to lie on the boundaries
of orbits originating from the exterior and interior reso-
nances. The invariant manifolds of libration orbits were
found to serve as a useful guide for the approach problem
in the analyzed cases including determining the possible
approximate resonances before final approach and during
the last portion of the approach phase.

XI. FUTURE WORK
The comparison techniques will be further developed

and applied to new cases in additional systems to ex-
plore the problem more generally. Further work will fo-
cus on moving beyond the two-body approximations to
more accurately determine the resonances. Spatial reso-
nant orbits will be developed to aid in this process, and
techniques for tying in the last portion of the tour to this
final approach will be studied. Additional work will in-
clude expanding the analysis to other types of periodic
orbits. Ephemeris effects will be incorporated, especially
for specific mission design scenarios.
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